Abstract. We show that a regular locally compact quantum group G is discrete if and only if L ∞ (G) contains non-zero compact operators on L 2 (G). As a corollary we classify all discrete quantum groups among regular locally compact quantum groups G where L 1 (G) has the Radon-Nikodym property.
It is known that for a locally compact group G, the following are equivalent: (i) G is discrete, (ii)
has the Radon-Nikodym property, (iv) the von Neumann algebra L ∞ (G) is purely atomic (cf. [2] and [6] ).
In the general setting of locally compact quantum groups G, it is known that (i) implies other properties;
(iii) and (iv) are equivalent; and there are examples of G that satisfy (iii), but not (i) (cf. [6] and [7] ).
In this paper we investigate the relations between (ii) and other above properties. We prove that in the case of regular locally compact quantum groups, (ii) implies (i), whence (iii) and (iv). Moreover we classify regular locally compact quantum groups which satisfy (iv), and (or but not) (ii).
First, let us recall some definitions and preliminary results that we will be using in this paper. For more details on locally compact quantum groups we refer the reader to [4] .
is a co-associative co-multiplication, i.e. a unital injective *-homomorphism, satisfying
and ϕ and ψ are (normal faithful semi-finite) left and right invariant weights on
+ where ϕ(x) < ∞, and and such that the co-multiplication Γ on L ∞ (G) can be expressed as
The reduced quantum group C * -algebra
There exists a completely contractive multiplication on M(G) given by the convolution
, we obtain a pair of completely bounded maps
through the left and right convolution products of M(G). The adjoint maps give the convolution actions x → µ ⋆ x and x → x ⋆ µ that are normal completely bounded maps on L ∞ (G) (note that our notation for the convolution actions is opposite to the more commonly used (e.g. [3] ), where µ ⋆ x is denoted by x ⋆ µ).
For a Hilbert space H, we denote by B(H), and B 0 (H) the spaces of all bounded operators, and compact operators on H, respectively.
A locally compact quantum group G is said to be regular if the norm-closed linear span of { (ι⊗ω) (ΣV ) :
, where Σ denotes the flip operator on L 2 (G)⊗L 2 (G). All Kac algebras, as well as discrete and compact quantum groups are regular [1] .
It follows from [3, Theorem 3.1] that for a ∈ B 0 (L 2 (G)) and ω ∈ B(L 2 (G)) * , we have
and also it is proved in [3, Corollary 3.6] that if G is regular, then
The following is the main result of the paper.
Theorem 1. Let G be a regular locally compact quantum group. If
Note that the converse of this theorem is also true; it in fact follows from the structure theory of discrete quantum groups (cf. [7] ).
We break down the proof of the theorem into few lemmas that follow.
Proof. Let ψ be the right Haar weight of G, then we have
+ and ω ∈ L 1 (G) + , and since ψ is faithful, the lemma follows.
Suppose that {e α } is a maximal family of mutually orthogonal minimal projections in L ∞ (G). Set e 0 = 1 − α e α , and let a ∈ L ∞ (G) ∩ B 0 (L 2 (G)) be non-zero and positive. Moreover, suppose that ω 0 ∈ L 1 (G) + is such that supp(ω 0 ) ≤ e 0 . Then, since e 0 does not dominate any non-zero minimal projection, it follows that e 0 L ∞ (G) ∩ B 0 (L 2 (G)) e 0 = 0, and therefore using (0.1) we obtain
for all f ∈ L 1 (G), and therefore a ⋆ ω 0 = 0. So, it follows from Lemma 2 that ω 0 = 0. Hence, e 0 = 0 and
So, by the previous lemma, we conclude that L ∞ (G) is a direct sum of type I factors:
Then L 2 (G), being the (unique) standard Hilbert space of L ∞ (G), can be identified with the Hilbert space 
